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Abstract
Recently Navier-Stokes (NS) equations have been derived from the duality between the
black branes and a conformal fluid on the boundary of AdS5. Nevertheless, the full
correspondence has to be established between solutions of supergravity in AdS5 and
supersymmetric field theories on the boundary. That prompts the construction of NS
equations for a supersymmetric fluid. In the framework of rigid susy, there are several
possibilities and we propose one candidate. We deduce the equations of motion in two
ways: both from the divergenless condition on the energy-momentum tensor and by
a suitable parametrization of the auxiliary fields. We give the complete component
expansion and a very preliminary analysis of the physics of this supersymmetric fluid.
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1 Introduction
Recently, several attention has been given to the derivation of the relativistic/non-relativistic
fluid-dynamics from a gravity dual theory. This is supported by well-known AdS/CFT
correspondence which led, in this specific framework, to new important results [1, 2, 3,
4, 5, 6, 7, 8, 9, 10]. Nevertheless, the exact duality can only be established within the
framework of supergravity on one side and supersymmetric (conformal) field theories on
the dual side. In the present case, it means that the fluid on the boundary must be a
supersymmetric one whose dynamics is governed by supersymmetric equations. Since the
bosonic dynamics is determined by a divergence-free current jµ and a set of equations known
as Navier-Stokes (NS) equations, we provide their supersymmetric extension and we discuss
some implications.1
There are few accounts on the subject. We have to recall papers [12, 13] where a super-
symmetric extension of the Navier-Stokes equations is provided.2 However, that extension
is not the most suitable one for our purposes: there the current jµ is encoded into a real
superfield, whilst it must be replaced by a linear superfield. Indeed, a real superfield forces
1A first step in that direction has been done in [11], where the corrections to NS eqs. due to fermionic
0-modes have been computed.
2Note that with the terminology superfluid is intended a quantum fluid in certain conditions where the
quantum properties become relevant and it behaves in peculiar way [14]
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a certain dynamics which, by setting C and ω – the superparteners of jµ – to zero, does not
reduce to a generic bosonic fluid. The equations obtained in papers [12, 13] substantially
differ from ours. Another extension of the NS equations is provided in [15]. In that work,
the authors start from a 3d model and supersymmetrize it by adding a pair of fermions. It
is not clear to us how to perform the same construction for relativistic 4d model.
Our construction is obtained as follows: first, we review the derivation of the NS equations
in the bosonic framework. The action is given in terms of a function f(j2) whose form
depends upon the equation of state of the fluid and whose argument is the square of jµ. The
latter is also coupled to an auxiliary field aµ.
We show that NS equations can be obtained in two ways: on the one hand, by computing
the energy-momentum tensor and imposing the divergenceless condition. Doing so, the
auxiliary field aµ is replaced by its equation of motion and it disappears from NS equations.
On the other hand, is observing that the curvature of the auxiliary field aµ (viewed as a gauge
field) contracted with the current jµ leads to the same equations without computing the
energy-momentum tensor. This is due to the fact that the action is invariant under certain
isometries if and only if NS equations are satisfied. We analyze in detail the equivalence
between the two approaches since it is relevant in the supersymmetric case.
Still in purely bosonic framework, we discuss the importance of the so-called Clebsch
paremeterization of the auxiliary field aµ [15, 16, 17]. According to Clebsch, aµ is expressed
in terms of some potentials whose equations of motion lead to NS eqs. The method is very
straightforward and we will follow the same technique also in the susy case. As discussed in
[12, 13], there is another way to introduce the Clebsch potentials using a Ka¨hler potential.
We prove the equivalence with usual Clebsch parametrization and we discuss the relevance
of that choice.
To move on, we describe the set of superfields needed in the susy framework. The current
jµ is taken as the middle component of linear superfield J which also contains a fundamental
scalar field C, plus the fermionic field ω. We recall that a linear superfield in 4d has the
same number of d.o.f. as the chiral multiplet without auxiliary fields and the current, which
appears as a θ2 component, is conserved as a consequence of the linearity of J [18, 19, 20, 21].
As already stated, the dynamics is characterized by a function F (j2) which determines
also the equation of state. However, to reproduce the bosonic action, the argument of that
function must be the current jµ itself. Therefore a new linear superfield Jµ (such that any
value of the index µ labels a linear superfield), whose first component is the current jµ, has
to be introduced. This is obtained by acting with superderivatives on J . The auxiliary fields
such as aµ of the bosonic theory are now encoded into a real superfield A and the complete
supersymmetric Lagragian can be easily obtained.
We provide the complete Lagrangian by expanding the superfields in components and
integrating over the θ’s. Due to this expansion, the number of possible terms increases and
the Lagrangian is really cumbersome. For that, to grasp the meaning of it, we derive the
superfield equations of motion and we compute their bosonic sector. The energy-momentum
tensor for the Lagrangian restricted to the physical field C is computed and some consider-
ations are proposed.
One important issue is the dependence of the Ka¨hler potential. In the supersymmetric
case the identification of the abelian real superfield A with the real Ka¨hler potential is rather
clear (see also [22]). Nevertheless, the dependence of the theory upon it does not. We provide
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an argument to show that the choice of the Ka¨hler potential does not affect the physics, but
we are convinced that the implementation of local supersymmetry invariance coupling it to
supergravity, might clarify this issue.
The plan of the paper is the following: in Section 2 we review the derivation of NS eqs. for
the purely bosonic model. In particular, in 2.1 two different methods to compute them are
compared: the divergenceless condition on the energy-momentum tensor, and the invariance
of the action under certain isometries; in 2.2 Clebsch parametrization of the vector field aµ
is considered. In section 3 the supersymmetric completion of the previous model is taken
into account, the action is constructed and explicit results are given for the bosonic sector.
In 3.2 the supersymmetric generalization of the Clebsch parametrization is built, and the
coupling to the linear multiplet J is written. In 3.5 the issue of Kah¨ler potential and its
appearance in the equations of motion is discussed. Finally, in Appendix B the complete
supersymmetric Lagrangian is presented.
2 Bosonic Lagrangian
2.1 Action and Equations of Motion
We first discuss the bosonic Lagrangian and we derive the equations of motion. The model
is characterized by a divergenceless current jµ and it is coupled to a worldvolume metric
gµν . In addition, we introduce an auxiliary gauge field aµ. The gauge invariance under
aµ → aµ + ∂µλ is guaranteed by the conservation of jµ. The model is considered in 4d.
There are two ways to get the equations of motion: the first one is by computing the energy-
momentum tensor T µν and requiring the vanishing of its divergence. The second method is
requiring the invariance under certain isometries as will be discussed later.
Let the action be
L = √−g (jµaµ + f(j2)) , j2 = jµjνgµν . (2.1)
Note that the equation of motion obtained by taking the functional derivative w.r.t. an
unconstrained aµ yields j
µ = 0. Therefore, the correct equations of motion are obtained as
follow: varying w.r.t. jµ and gµν leads to
aµ = −2f ′(j2)jµ , T µν = f ′(j2)
(
jµjν − gµνj2)+ 1
2
f(j2)gµν , (2.2)
and the vanishing of the divergence of energy-momentum tensor implies
∂µTµν = 0 −→ jµ[f ′′(j2)
(
jµ∂νj
2 − jν∂µj2
)
+ f ′(j2) (∂νjµ − ∂µjν)] = 0 . (2.3)
These are the usual NS equations which, together with the current jµ, yield the complete
information on the fluid dynamics.
Since we are primarily interested into AdS/CFT correspondence, we recall that the fluid
on the dual side must be a conformal one. That forces f (j2) to be equal to C (j2)
2/3
, where
C is a constant. This can be obtained by imposing the tracelessness of T µν or by studying
the dilatation properties of the action, assuming that jµ has dimension 3 in 4d.
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Notice that equation (2.3) can also be obtained in the following way: consider the field-
strength associated to the abelian vector aµ, Fµν = (∂µaν − ∂νaµ); using the first of (2.2)
into F and upon contraction with jµ we get
jµFµν = ∂
µTµν = 0 . (2.4)
It should be notice that, in both ways, the auxiliary field aµ drops off the equations.
Equation (2.4) calls for an explanation. First of all, we observe that, being jµ a diver-
genceless current, action (2.1) is invariant under the gauge symmetry δaµ = ∂µλ. We perform
an isometry transformation which leaves the current jµ invariant. In the form language, given
A = aµdxµ, J = jµ∂µ and X = Xµ∂µ, we have
LX (A) = ιXdA+ d(ιXA) , LX (J ) =
[
X ,J
]
= 0 , (2.5)
LX (g) = (∇µXν +∇νXµ)dxm ⊗ dxν ,
and in components
δaµ = −FµνXν + ∂µ(aνXν) , δjµ = 0 , (2.6)
δgµν = gµρ∂νX
ρ + gνρ∂νX
ρ +Xρ∂ρgµν = 0 ,
where Xµ are the components of the Killing vector generating the isometry commuting with
the current J . Requiring the invariance of the action under such an isometry, one gets eqs.
(2.4).
The condition δjµ = 0 (if gµν = ηµν) can be reformulated as follows: given the vector
field X = Xµ∂µ, the infinitesimal variation of j
µ can be expressed as
δjµ = Xν∂νj
µ − jν∂νXµ , (2.7)
where the first term is a traslation parametrized by the coefficients Xν and second term
is a rotation with the parameter Λµν =
1
2
(∂µXν − ∂νXµ) due to Killing equation in (2.6).
Condition (2.7) can be rewritten as follows
∆Xj
µ ≡ Xν∂νjµ = Λµρ jρ , (2.8)
which implies that the translation of the current jµ is compensated by a rotation. In the
same way, the variation of aµ can be cast in the form
δaµ = ∆Xaµ +R
ν
µ aν ≡ Xν∂νaµ + Λ ρµ aρ . (2.9)
Then, computing the variation of the action under a translation, we have
∆XS =
∫ (
∆Xj
µaµ + j
µ∆Xaµ +∆Xf(j
2)
)
=
∫ (
Λ νµ j
µaν + j
µXν∂νaµ
)
=
∫ (
jµδaµ
)
=
∫ (
jµ (−FµνXν + ∂µ(aρXρ))
)
. (2.10)
In the first line we have used eq. (2.8) and the Lorentz invariance of f(j2). From the second
line to the third line, we have used the definition of the variation of the gauge potential
aµ under isometry (2.6) combined with a gauge variation. Thus, the second term vanishes
because jµ is divergenceless and from the first term, comparing with the definition of the
energy-momentum tensor obtained by the No¨ther theorem ∆XS =
∫
Xµ∂ν Tµν , it yields
jµFµν = ∂
µTµν = 0 . (2.11)
As a consistency condition, we must have jν∂µTµν = 0, which can be easily verified using its
explicit form (2.3).
2.2 Clebsch Parametrization of aµ
One may wonder why we adopt the above derivation of NS equations instead of computing
directly the equations of motion by functional derivatives. Actually, it is possible to obtain
them by means of variational principles, considering the auxiliary field aµ as parametrized
by a set of potentials. Moreover, since we would like to avoid any non-trivial solution for aµ,
we impose the constraint
F ∧ F = 0 , (2.12)
where F = dA which, in components, becomes ǫµνρσFµνFρσ = 0. This constraint is equiva-
lent to A ∧ F = dΩ where Ω is a generic 2-form. It can be easily shown [16] that the most
general solution in 4d to (2.12) is
A = dλ+ α dβ , (2.13)
where λ, α and β are zero forms. This implies that F = dα ∧ dβ and the constraints (2.12)
follows immediately. This means that out of the four components of aµ only 3 of them
survive the constraint and inserting them in the Lagrangian (2.1) we get
L =
(
jµ(∂µλ+ α∂µβ) + f(j
2)
)
. (2.14)
The equations of motion are
∂µj
µ = 0 ,
jµ∂µβ = 0 ,
jµ∂µα = 0 ,
∂µλ+ α∂µβ + 2jµf
′(j2) = 0 . (2.15)
With simple algebraic manipulations, one derives NS equations (2.4).
There is another way to parameterize the solution of (2.12). Introducing one complex
field φ and a real function K(φ, φ¯), consequently aµ becomes
aµ = ∂µλ+ i(∂K∂µφ− ∂¯K∂µφ¯) . (2.16)
If K is identified with a Ka¨hler potential for the complex manifold spanned by φ, the second
term in aµ is the Ka¨hler connection. Computing the field strength F we get
F = −2i ∂∂¯Kdφ ∧ dφ¯ . (2.17)
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Namely, the manifold is a Hodge manifold where the U(1) connection is related to the
canonical 2-form of the complex manifold. By the Bianchi identity, it follows that the
canonical 2-form 2i ∂∂¯Kdφ ∧ dφ¯, must be closed and therefore the space is Ka¨hler. Notice
that for a one dimensional complex manifold, no constraint on K is due to its closure.
The two parametrizations (2.13) and (2.16) are equivalent. This can be verified by
assuming that α and β are real functions of φ and φ¯. It yields
α∂β = i∂K , α∂¯β = −i∂¯K . (2.18)
By dividing both equations by α and by computing the derivative we get
2∂∂¯K = (∂K∂¯ + ∂¯K∂) lnα . (2.19)
This equation can be brought to quadrature. For example, assuming that α and K are
functions of the modulus |φ|2, one can easily bring the above equation to an integral form.
If K(φ, φ¯) = |φ|2, then we get α = |φ|2 and β = i ln(φ/φ¯). On the other hand, if K(φ, φ¯) =
ln(1 + |φ|2), then we get α = |φ|2/(1 + |φ|2) and β = i ln(φ/φ¯). See also [15] for a discussion
on this point.
3 Supersymmetric Lagrangian
3.1 Superfields, Action and Superfield Expansion
We are now ready for the supersymmetrized version of the Lagrangian. We first construct
the action in order to reproduce usual bosonic action (2.1) in the limit in which the fermions
and the additional bosonic field are set to zero. A conserved current is a component of a
linear multiplet in 4d and therefore we introduce a superfield J for it. The auxiliary field aµ
is a component of the vector multiplet and we introduce a real superfield A. Again we face
with the problem of deriving the equations of motion since the superfield A is constrained
and, for that, we adopt a Clebsch parameterization. In the present case, it becomes natural
to identify the abelian real superfield A with a Ka¨hler potential [12] which is a real function
of a chiral superfield φ.
J and A are defined as follows3
D¯DJ = 0 , A¯ = A , (3.1)
where D = − ∂
∂θ¯
− (γµθ)∂µ and D¯ = ∂∂θ + (γµθ¯)∂µ are the superderivatives. Using a linear
superfield J , we automatically implement the conservation of the current jµ which is its θ2
component. The component expansion is given by
J = C − iθ¯γ5ω + i
2
θ¯γ5γµθj
µ +
i
2
θ¯γ5θθ¯γ
µ∂µω +
1
8
(θ¯γ5θ)
2
C, (3.2)
3In the following we use Weinberg notation [21]. Nevertheless, we recall that in the language of [23] a
linear superfield is defined as D2J = 0 and D¯2J¯ = 0. If J is a real linear superfield, J¯ = J then the second
condition follows from the first one.
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and for the real superfield in the Wess-Zumino gauge
A =
i
2
θ¯γ5γ
µθaµ − iθ¯γ5θθ¯λ− 1
4
(θ¯γ5θ)
2D. (3.3)
The linear superfield contains one constrained vector jµ, one scalar field C and one Majorana
spinor ω. The vector can be dualized as jµ = ǫµνρσHνρσ where Hµνρ is the field strength of
a 2-form potential Bµν . The latter can be further dualized into a scalar and therefore the
linear multiplet has the same d.o.f. of an on-shell Wess-Zumino multiplet.
Supersymmetry transformations are given by δΦ = α¯QΦ or, in component
δjµ = −α¯γµν∂νω , δaµ = α¯γµλ ,
δω = (−iγ5γµ∂µC + γµjµ)α , δλ = − (iDγ5 + Fµνγµν)α ,
δC = i α¯γ5ω , δD = i α¯γ5γ
µ∂µλ .
Using the properties listed in the Appendix A it is possible to show that∫
d4x
∫
d4θ[−JA] =
∫
d4x[jµaµ + ω¯λ− CD] , (3.4)
which is the supersymmetric generalization of (2.1). In order to reproduce also the second
term in (2.1), we need to introduce a new superfield defined as
Jµ = 1
4 i
(D¯γ5γµD)J , (3.5)
which contains jµ as the first component and its expansion is
Jµ = 1
4 i
(D¯γ5γµD)J = jµ + θ¯γµν∂
νω − i
2
θ¯γ5γ
νθ (∂µ∂νC − gµνC) +
− 1
2
θ¯γ5θθ¯γ5γ
ν(gµνω − ∂µ∂νω) + 1
8
(θ¯γ5θ)
2
jµ . (3.6)
It should be noted that all terms in the above expansion are divergenceless. This can also be
proven directly by the D-algebra and because of the linearity of the superfield J . Moreover,
the new superfield Jµ is itself a linear superfield. This can be seen by observing that each
component of the superfield Jµ is in the same relation with higher terms of the expansion as
the components of the superfield J , and it can be checked by direct use of superderivatives.
Therefore the complete supersymmetric action is given by
S =
∫
d4x
∫
d4θ
(
− JA+ F (JµJ µ) J2
)
. (3.7)
The minus sign in front of the first term is choosen to reproduce the normalization of the
bosonic Lagrangian. The coefficients are chosen in order that (3.7) coincides with the nor-
malization of the bosonic Lagrangian where f(j2) = F (j2)j2. The argument of F , namely
JµJ µ, is a dimensionful superfield and therefore it would be convenient to rescale it by a
dimensionful parameter. In the following, we will discard that parameter and we set it to 1.
As discussed above, we would like to deal with superconformal fluid. For that, we require
that the theory is conformal and supersymmetric, thus superconformal invariance follows. In
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particular, we first impose the dilatation properties of F and it turns out that F (x) = Cx−1/3.
That guarantees the conformal invariance of the action. The superconformal transformation
rules for J are deduced by its geometrical properties.
To compute the component action, we need the expansion of JµJ µ and, using (3.6) we
get
JµJ µ = j2 + 2 θ¯jµγµν∂νω + θ¯θ
(
−1
2
∂µω¯γ
µν∂νω − 3
4
∂µω¯∂
µω
)
+
+ (θ¯γ5θ)
(
−1
2
∂µω¯γ5γ
µν∂νω − 3
4
∂µω¯γ5∂
µω
)
+
+ θ¯γ5γ
µθ
(
ijµC − ij · ∂∂µC + ∂µω¯γ5 6∂ω − 1
4
∂ν ω¯γ5γµ∂νω
)
+
+ (θ¯γ5θ)θ¯γ5 (j · ∂ 6∂ω − j · γω) + θ¯γ5θθ¯ (2i 6∂ωC + iγµ∂νω∂µ∂νC)
+
1
4
(θ¯γ5θ)
2 (jµj
µ + ∂µ∂νC∂
µ∂νC + 2CC+
+ ∂µω¯∂
µω + ∂µω¯γµν∂
νω − 2ω¯ 6∂ω) , (3.8)
similarly, for J2, we have
J2 = C2 − 2 i Cθ¯γ5ω +
+
1
4
(θ¯θ)ω¯ω +
1
4
(θ¯γ5θ)ω¯γ5ω + θ¯γ5γµθ(i Cj
µ +
1
4
ω¯γ5γ
µω) +
+ i θ¯γ5θθ¯6∂ωC + θ¯γ5γµθθ¯γ5ωjµ
+
1
4
(θ¯γ5θ)
2(CC + j2 − ω¯6∂ω) . (3.9)
Notice that the choice f(j2) = F (j2)j2 does not spoil the generality of (3.7) since it
coincides with bosonic Lagrangian if f(j2) is defined up to an unessential constant. Action
(3.7) is chosen such that, by setting C and ω to zero, it exactly reproduces the bosonic
Lagrangian (2.1) and the corresponding NS equations. The presence of two different su-
perfields, namely J and Jµ in the Lagrangian is needed because of dimensional reasons or,
equivalently, because J does not start with jµ.
In components the supersymmetric Lagrangian turns out to be
∫
d4x
[
jµaµ + ω¯λ− CD +
∫
d4θJ2
4∑
i=0
1
i!
F (i)(j2)(JµJ µ − j2)i
]
, (3.10)
where we expanded the function F around the first bosonic component of JµJ µ. The first
term in the expansion reproduces the bosonic Lagrangian, while the other terms are classified
according to their dimensions. Notice that the computation of the component action is made
unhandy by the fact that there is a product of two or more superfields (JµJ µ−j2)iJ2. After
the θ-expansion is taken, one needs to compute all Fierz identities to simplify the expressions
and, finally, the integration over the θ variables can be taken.
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The first two terms in the expansion are∫
d4θ
∫
d4x
[
F (0)(j2)J2 + F (1)(j2)(JµJ µ − j2)J2
]
=
=
∫
d4x
{ [
F (0)(j2)(CC + jµj
µ − ω¯γµ∂µω)
]
+
+
[
F (1)(j2)
(
− C2[jµjµ + (∂µ∂νC∂µ∂νC + 2CC)] + 4Cjµjν (∂µ∂ν − ηµν)C+
− C2∂µω¯∂µ 6∂ω + 2C2ω¯ 6∂ω − 2iCjµ∂µω¯γ5 6∂ω − iCjµ∂νω¯γ5γµ∂νω + 4CCω¯ 6∂ω+
+ 2C∂µ∂νCω¯γ
µ∂νω + 2Cjµ∂ν ω¯γρ∂σωε
µνρσ − 2iCjµω¯γ5∂µ 6∂ω + 2iCjµω¯γ5γµω + 2j2ω¯ 6∂ω+
− 2jµjνω¯γµ∂νω − ijµ (∂µ∂ν − ηµν)Cω¯γ5γνω − 3
4
ω¯ω∂µω¯∂
µω − 1
2
ω¯ω∂µω¯γ
µν∂νω+
+
3
4
ω¯γ5ω∂µω¯γ5∂
µω +
1
2
ω¯γ5ω∂µω¯γ5γ
µν∂νω − ω¯γ5γµω∂µω¯γ5 6∂ω + 1
4
ω¯γ5γµω∂νω¯γ5γ
µ∂νω
)]}
.
(3.11)
As can be seen from this expression, these terms contain the interaction between the current
jµ and the fields C and ω. The part proportional to F (1) contains terms with four fields ω and
therefore their self-interactions. In the forthcoming section, we will discuss the implications
of those terms. Even though the action might seem bulky, it is a good starting point for the
perturbation theory since the expansion is done in terms of higher derivative terms.
Since the resulting action is rather cumbersome, we find convenient also to provide its
bosonic truncation∫
d4x
[
jµaµ − CD + F (0)(j2)(CC + jµjµ)
]
+
+
∫
d4x
[
F (1)(j2)
(
− C2jµjµ − C2 (∂µ∂ν − gµν)C (∂µ∂ν − gµν)C+
+ 4Cjµjν (∂µ∂ν − gµν)C
)]
+
+
∫
d4x
[
F (2)(j2)
(
− 4C2jµjν (∂µ∂ρ − gµρ)C (∂ν∂ρ − δρν)C
)]
. (3.12)
The bosonic action truncates at the second order in F , since all other terms are purely
fermionic. This is due to the fact that in the expansion of the third power and of the fourth
power, only those terms with a single θ contribute to the expansion since we have decided
to expand around jµ. This simplifies the derivation of the energy-momentum tensor for the
bosonic sector as we are going to discuss in the forthcoming section. In appendix B, all other
terms are given.
3.2 Clebsch Parametrization for the Supersymmetric Case
We discuss here the Clebsch parameterization for the supersymmetric case. Here, the gauge
field aµ is replaced by the real superfield A and therefore we have to parametrize it using a
Clebsch parametrization as above. As suggested in [22] and in [24] we identify
A = χ + χ¯+K(φ, φ¯) , (3.13)
9
where χ, φ and χ¯, φ¯ are chiral and anti-chiral fields, respectively. K(φ, φ¯) is a Ka¨hler potential
represented by a real function of the superfields φ and φ¯. The condition to be Ka¨hler is
dK = 0 where K is the canonical 2-form of the complex manifold spanned by φ and φ¯.
Since the complex manifold is one dimensional, no interesting condition emerges from this
constraint.
The identification in (3.13) implies that the Fayet-Ilioupoulos term induced by the abelian
gauge field A is given by
SF−I =
∫
d4xd4θA =
∫
d4xd4θK(φ, φ¯) , (3.14)
which generates the dynamical equations of motion for the chiral fields (see for example [22]).
In our case, however, this term is replaced by
S =
∫
d4xd4θ(−JA + . . . ) =
∫
d4xd4θ(−J(K(φ, φ¯) + χ + χ¯) + . . . ) . (3.15)
So, a fundamental difference is the absence of a naive kinetic term for φ and φ¯, but they are
replaced by the superfield expansion of JK. The chiral field χ¯ and χ implement the linearity
condition on J .
Let us now consider the first term of action (3.15) which, after Berezin integration reads
S =
∫
d4x
1
2
K(ϕ, ϕ¯)C+
− ∂K
(
ijµ∂µϕ+
1
2
Cϕ− i
√
2
2
ψ¯L 6∂λ+ i
√
2
2
λ¯ 6∂ψL
)
+ c.c.+
− 1
2
∂2K
(
C∂µϕ∂
µϕ−
√
2i∂µϕψ¯Lγ
µλ
)
+ c.c.+
− ∂∂¯K
(
2|P |2C − C∂µϕ∂µϕ¯+
√
2iP ψ¯Rλ−
√
2iP¯ ψ¯Lλ+
−Cψ¯L 6∂ψR − Cψ¯R 6∂ψL + ijµψ¯LγµψR +
√
2
2
i∂µϕ¯ψ¯Lγ
µλ−
√
2
2
i∂µϕψ¯Rγ
µλ
)
− 1
3
∂2∂¯K
(
−2CP¯ ψ¯LψL + 2C∂µϕψ¯LγµψR −
√
2iψ¯LψLψ¯Rλ
)
+ c.c.+
− 1
2
∂2∂¯2KCψ¯RψRψ¯LψL , (3.16)
where the chiral and antichiral superfields φ (respectively φ¯) are defined by condition
1− γ5
2
Dφ = 0 ,
1 + γ5
2
Dφ¯ = 0 , (3.17)
and its components include a left-chiral spinor field ψL =
(
1+γ5
2
)
ψ (respectively right-
chiral ψR) and two scalar complex fields ϕ and P (respectively ϕ¯ and P¯ ). The expression
Qµ ≡ i
(
∂K∂µϕ− ∂¯K∂µϕ¯
)− i∂∂¯Kψ¯LγµψR is known as the Ka¨hler connection. Action (3.7)
contains a piece which depends upon the superfield A. Inserting the above expressions into
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(3.10), we get an action which depends upon the components ϕ, ψL and F of the superfield
φ (and its conjugated). Differentiation w.r.t. those fields, leads to the equations of motion.
Truncating the action to its bosonic part, the first term in (3.7) reads
S =
∫
d4x
[
1
2
KC − ijµ (∂K∂µϕ− ∂¯K∂µϕ¯)− 1
2
C
(
∂Kϕ + ∂¯Kϕ¯
)
+
− 1
2
C
(
∂2K∂µϕ∂
µϕ+ ∂¯2K∂µϕ¯∂
µϕ¯
)− C∂∂¯K (2|P |2 − ∂µϕ∂µϕ¯)
]
, (3.18)
where the Ka¨hler potential K is evaluated on ϕ and its conjugated. Notice that, if we
integrate by parts KC, the above expression simplifies considerably and becomes
S =
∫
d4x
[
ijµ
(
∂¯K∂µϕ− ∂K∂µϕ¯
)− 2C∂∂¯K (|P |2 − ∂µϕ∂µϕ¯)] . (3.19)
The Lagrangian is diagonal in the auxiliary fields P and their equations of motion (at the
lowest level) imply either C = 0 (fluid dynamics approximation) or P = P¯ = 0 (which is the
supersymmetric dynamics).
To compute the equation of motion for the action, we recall that the expansion of F is
given in 3.12. Varying w.r.t. ϕ we get
2∂∂¯K∂µϕ¯ (ij
µ − ∂µC)− 2C∂∂¯Kϕ¯− 2C∂∂¯K∂µϕ¯∂µϕ¯ = 0 . (3.20)
Analogously, we can get the equation of motion for ϕ¯. For jµ it reads
i
(
∂¯K∂µϕ¯− ∂K∂µϕ
)
+ 2F (1)jµ
(
CC + j2
)
+ 2Fjµ+
− 2F (2)C2jµjνjν −
(
F (1)C2jµ
)
+
− F (1)C2jµ + 8F (1)jν (∂µ∂ν − gµν)C − 8F (3)C2jµ+
− 4F (2)C2jν (∂µ∂ρ − gµρ)C (∂ν∂ρ − δρν)C = 0 ,
(3.21)
last, the one for C is
2∂∂¯K∂µϕ∂
µϕ¯+ FC +FC − 2F (1)Cjµjµ+
+ 2F (1)∂µ∂νC∂
µ∂νC + 2∂µ∂ν
(
F (1)C2∂µ∂νC
)
+
+ 4F (1)C (C)2 + 4
(
F (1)C2C
)
+ 4F (1)jµjν (∂µ∂ν − gµν)C+
+ 4 (∂µ∂ν − gµν)
(
F (1)jµjνC
)
+
− 4F (2)Cjµjν (∂µ∂ρ − gµρ)C (∂ν∂ρ − δρν)C+
− 4 (∂µ∂ρ − gµρ)
(
F (2)C2jµjν (∂ν∂
ρ − δρν)C
)
= 0 .
(3.22)
3.3 Superfield Equations
Action (3.7) is written in terms of a linear superfield J and a real superfield A. For those
superfields, the usual functional derivative cannot be used and therefore we cannot obtain
the equations of motion by usual means (see [23] for a complete discussion). To overcome
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such a problem, we add two auxiliary generic superfields Z, Sµ, one chiral superfield χ and
one antichiral superfield χ¯.
The following action
S =
∫
d4xd4θ
(
−J(A + χ+ χ¯)
)
+ F
[( 1
4i
(D¯γ5γµD)J
)2]
J2
)
=
∫
d4xd4θ
(
−J(A + χ+ χ¯)
)
+ F [J 2]J2 + Sµ
[ 1
4i
(D¯γ5γµD)J − Jµ
])
, (3.23)
turns out to be equivalent to (3.7). The chiral and antichiral superfields χ, χ¯ impose the
linearity condition on the superfield J .
As already discussed above, in order to get the correct equations of motion, we replace
the superfield A with the Ka¨hler potential. Then, we have
SK =
∫
d4xd4θ
(
−J(K(φ, φ¯) + χ+ χ¯) + F [J 2]J2 + Sµ
[ 1
4i
(D¯γ5γµD)J − Jµ
])
, (3.24)
from which we can get the equations of motion by taking the functional (constrained) deriva-
tives with respect to superfields J, φ, φ¯, Sµ, χ, χ¯ to get
D¯DJ = 0 ,
Jµ − 1
4i
(D¯γ5γµD)J = 0 ,
Sµ + 2J µF ′[J 2]J2 = 0 ,
D¯D(J
∂K
∂φ
) = 0 ,
D¯D(J
∂K
∂φ¯
) = 0 ,
K(φ, φ¯) + χ + χ¯− 2J F [J 2]− 1
4i
(D¯γ5γµD)S
µ = 0 . (3.25)
To study the above equations, we proceed as follows. The first eq. in (3.25) implies the
linearity of J (and therefore its θ expansion is given by (3.2)). Then, we plug J into the
second equation for computing the vector superfield Jµ. Subsequently, we plug Jµ into the
third equation to evaluate Sµ and finally, by all those results, we can compute the value of
K in terms of the superfields φ and φ¯. Given that, eqs. (3.25) become the new NS equations
only written in terms of the linear superfield J which contains the physical degrees of freedom
of our super-fluid.
3.4 Bosonic Sector
In the present section, we study the model by setting to zero the fermions. We first derive
the Lagrangian as a function of the fields jµ and C and then we provide a new Lagrangian
with new auxiliary fields which simplifies the derivation of the energy-momentum tensor.
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The bosonic part of the Lagrangian is (up to a factor
√−g)
Lbos = jµaµ − C D+
+ F (0)
(
j2
)
(CC + jµj
µ)+
+ F (1)
(
j2
) [−C2jµjµ + C2∂µ∂νC∂µ∂νC +2C2 (C)2 + 4jµjνC (∂µ∂ν − gµν)C]+
+
1
2
F (2)
(
j2
) [−4C2jµjν (∂µ∂ρ − gµρ)C (∂ρ∂ν − δρν)C] .
(3.26)
We define the quadratic differential operator
Mµν = ∂µ∂ν − gµν , ∂µMµν = 0 ,  = −1
3
gµνMµν . (3.27)
and we rewrite (3.26) with the Lagrangian multiplier Sµν
Lbos = jµaµ − C D+
+ F (0)
(
j2
)(−1
3
gµνBµνC + jµj
µ
)
+
+ F (1)
(
j2
) [−C2jµjµ + C2BµνBρσgµρgνσ + 4CjµjνBµν]+
+
1
2
F (2)
(
j2
) [−4C2jµjνBµρBνσgρσ]+
+ Sµν (Bµν −MµνC) .
(3.28)
In this way, we confine the covariantization of the differential operator Mµν in a single term
and the derivation of the energy-momentum tensor is greatly simplified. We now compute
the equations of motion for C, Bµν and j
µ respectively
D =− 2F (1)C + 2F (1)BµνBµν + 4F (1)jµjνBµν+
− 4F (2)CjµjνBµρBνσgρσ − 1
3
F (0)gµνBµν −MµνSµν ,
(3.29)
Sµν =− 2F (1)BµνC2 − 4Cjµjν + 4F (2)C2jµjρBρσgνσ + 1
3
F (0)Cgµν , (3.30)
aµ =− F (2)jµN[0] + F (1)C2jµ+
+
(
F (1)C2jµ
)− 8F (1)C Bµνjν − F (3)N[1]+
+ 4F (2)C2BµρBνσg
ρσjν − 2F (1)jµN[2] − 2F (0)jµ ,
(3.31)
where N[0], N[1] and N[2] are the terms in (3.28) proportional to F
(0), F (1), and F (2), respec-
tively.
In the case j = 0, the Lagrangian (3.28) coupled to worldline metric is (we set F (0) =
F (1) = 1)
Lbos
∣∣
j=0
=
√−g
[
C2gµρgνσBµνB
ρσ − CD − 1
3
CgµνBµν + S
µν (Bµν −MµνC)
]
. (3.32)
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The equations of motion for C and Bµν are
D = 2CgµρgνσBµνB
ρσ − 1
3
gµνBµν −MµνSµν , (3.33)
and
Sµν = −2C2Bµν + 1
3
Cgµν . (3.34)
Finally, for this simplified Lagrangian we derive the energy momentum tensor. We obtain
T µν =− gµνC C − 1
2
gµν∂ρC ∂ρC + ∂
µC ∂νC+
− 5
2
gµνC2∇ρ∂σC∇ρ∂σC − 7gµνC2C C+
− 2gµνC ∂ρC ∂σC∇ρ∂σC − 14gµνC2 ∂ρC ∂ρC+
− 3gµνC3C − 8gµνC ∂ρC ∂ρC C+
− C2C∇µ∂νC + 4C ∂ρC∇ρ∂(µC ∂ ν)C+
− 2C ∂ρC ∂ρC∇µ∂νC + 6C2 ∂(µC∇ν)C+
− C2∇ρ∇µ∂νC ∂ρC + 8C ∂µC ∂νC C .
(3.35)
We prefer to analyze only the equations of motion with the Clebsch parametrization and
the case ω = 0. This gives novel dynamical equations.
3.5 Dependence on the Ka¨hler Potential
We have to discuss the dependence of the equations of motion upon the Ka¨hler potential.
For that, we discuss only the bosonic sector and we observe the following identity
−jµFµν + C∂νD = −4∂µ
[
∂∂¯K C(∂µϕ¯∂νϕ+ ∂
µϕ∂νϕ¯)
]
, (3.36)
where the r.h.s. can be also be written as ∂µ(CG
µν) where Gµν is the inverse of the Ka¨hler
metric. It appears as a total derivative. However, we cannot discard such term. The reason
is that it does not follows directly from the action, namely it is not a total derivative term
derived from the action. Nevertheless, we can show that it is harmless and, at least in the
rigid case, can be discarded.
The left hand side of (3.36) can be obtained by the same method as in sec. (2.1). Indeed,
by requiring the invariance under an isometry and using the same equations as above we get
a new equation of the form∫
d4xXν (−jµFµν + C∂µD) = −4
∫
d4xXν∂µ
[
∂∂¯K C(∂µϕ¯∂νϕ+ ∂
µϕ∂νϕ¯)
]
. (3.37)
Now, we can use the integration by parts in the r.h.s. and by using the fact that Xµ must
be a Killing vector for the flat metric we can easily conclude that the l.h.s. of (3.36) is
effectively a total derivative and it can be discarded. A complete proof of this statement
would be very interesting showing that the dynamical equations of motion are independent
of the parametrization of the gauge field A.
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4 Conclusions
We propose a new supersymmetric action for supersymmetric fluid dynamics. We discuss
several aspects such as the new NS equations and the derivation of them. A discussion on
the Clebsch parametrization is proposed and the derivation of the superfield equations is
done in that framework. There are several open issues: 1) what is the dynamics described
by the present action? 2) what is the role of the boson C? 3) a fluid described only in
terms of fermionic field can be discussed by setting to zero both jµ and C. We believe that
the study of the present system in the context of supergravity might shed some light on the
coupling with the worldvolume metric and finally the susy partner of T µν can be computed.
We leave the discussion on supergravity to a forthcoming publication.
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A Fierz Identities
We list here some of the properties of Majorana spinors and some useful Fierz Identities:
s¯1Ms2 = s¯2Ms1 if M = 1, γ5, γ5γ
µ ,
s¯1Ms2 = −s¯2Ms1 if M = γµ, γµν .
(A.1)
The Fierz Identities for 2 identical spinors read
θθ¯ = −1
4
(
θ¯θ + θ¯γ5θγ5 − θ¯γ5γµθγ5γµ
)
, (A.2)
while those for 3 spinors are
θ(θ¯θ) = −γ5θθ¯γ5θ ,
θ(θ¯γ5γµθ) = −γµθθ¯γ5θ .
(A.3)
Using (A.3) it is easy to show that the following identities also hold
(θ¯θ)2 = −(θ¯γ5θ)2 ,
(θ¯γ5γµθ)(θ¯γ5γνθ) = −ηµν(θ¯γ5θ)2 ,
(θ¯θ)(θ¯γ5θ) = (θ¯θ)(θ¯γ5γµθ) = (θ¯γ5θ)(θ¯γ5γµθ) = 0 .
(A.4)
Finally the integration measure for Grassmann variables is∫
d4θ(θ¯γ5θ)
2 = −4 . (A.5)
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B Complete Lagrangian
Here we present the complete expansion of the supersymetric Lagrangian (3.7). This can be
rewritten as
L =
∫
d4x
∫
d4θ
(
−JA +
4∑
i=0
1
i!
F (i)Li
)
, (B.1)
where F (i) is the order i-derivative of F (JµJ µ) computed at JµJ µ = jµjµ and
Li = (JµJ µ − jµjµ)i J2 . (B.2)
In the following we show the explicit form of the four Li. To perform the computation we
developed a program written in FORM language (see [25] and references therein) which, given
a set of superfields expanded in components, returns as result any desired combination of
these fields, integrated over d4θ. The subroutine structure of the program allows us to check
every intermediate passage, or to use each single procedure to perform different calculations
such as Fierz identities or gamma manipulations.
Notice that only L1 and L2 has purely bosonic terms (B.3a) and (B.4a).
L1 =− C2 [jµjµ + (∂µ∂νC∂µ∂νC + 2CC)] +
+ 4Cjµjν (∂µ∂ν − ηµν)C+ (B.3a)
− C2∂µω¯∂µ 6∂ω+
+ 2C2ω¯ 6∂ω+
− 2iCjµ∂µω¯γ5 6∂ω+
− iCjµ∂ν ω¯γ5γµ∂νω+
+ 4CCω¯ 6∂ω+
+ 2C∂µ∂νCω¯γ
µ∂νω+
+ 2Cjµ∂ν ω¯γρ∂σωε
µνρσ+
− 2iCjµω¯γ5∂µ 6∂ω+
+ 2iCjµω¯γ5γµω+
+ 2j2ω¯ 6∂ω+
− 2jµjνω¯γµ∂νω+
− ijµ (∂µ∂ν − ηµν)Cω¯γ5γνω+
− 3
4
ω¯ω∂µω¯∂
µω+
− 1
2
ω¯ω∂µω¯γ
µν∂νω+
+
3
4
ω¯γ5ω∂µω¯γ5∂
µω+
+
1
2
ω¯γ5ω∂µω¯γ5γ
µν∂νω+
16
− ω¯γ5γµω∂µω¯γ5 6∂ω+
+
1
4
ω¯γ5γµω∂νω¯γ5γ
µ∂νω , (B.3b)
L2 =− 4C2jµjν (∂µ∂ρ − ηµρ)C (∂ν∂ρ − δρν)C+ (B.4a)
− 2C2jµ (∂µ∂ν − ηµν)C [∂ρω¯γσ∂τωενρστ − 6i∂ν ω¯γ5 6∂ω + i∂ρω¯γ5γν∂ρω]
+ 6C2Cjµ [∂νω¯γρ∂σωε
µνρσ + 2i∂µω¯γ5 6∂ω − 2i∂νω¯γ5γµ∂νω]
+ 2C2jµ (∂α∂ν − ηαν)C∂ρω¯γα∂σωεµνρσ+
− 4iC2 (∂µ∂ν − ηµν)Cjρ∂µω¯γ5γρ∂νω+
+
9
4
C2∂µω¯∂
µω∂νω¯∂
νω+
+ 3C2∂µω¯∂
µω∂νω¯γ
νρ∂ρω+
− 9
4
C2∂µω¯γ5∂
µω∂νω¯γ5∂
νω+
− 3C2∂µω¯γ5∂µω∂νω¯γ5γνρ∂ρω+
− 2C2∂µω¯γ5γν∂µω∂νω¯γ5 6∂ω+
+
1
4
C2∂µω¯γ5γ
ν∂µω∂ρω¯γ5γν∂
ρω+
+ 4C2∂µω¯γ5 6∂ω∂µω¯γ5 6∂ω+
+ C2∂µω¯γ
µν∂νω∂ρω¯γ
ρσ∂σω+
− C2∂µω¯γ5γµν∂νω∂ρω¯γ5γρσ∂σω+
+ 4C2jµjν∂µω¯γνω+
− 4C2jµjν∂µ∂ν ω¯ 6∂ω+
− 4C2jµjν∂ρω¯γµ∂ν∂ρω+
+ 4C2j2ω¯ 6∂ω+
+ 4iC2jτjµ∂ν ω¯γ5γρ∂τ∂σωε
µνρσ+
− 4Cj2 [jµ∂ν ω¯γσ∂ρωεµνρσ − 2ijµ∂µω¯γ5 6∂ω + 2ijν∂µω¯γ5γν∂µω] +
+ 4iCjµjνjρ∂µω¯γ5γν∂ρω+
− 8iCj2jµ∂µω¯γ5 6∂ω+
+ 4iCj2jµ∂ν ω¯γ5γµ∂
νω+
− 8Cjµjν (∂µ∂ν − ηµν)Cω¯ 6∂ω+
+ 8Cjµjν (∂ν∂ρ − ηνρ)Cω¯γν∂ρω+
+ 8iCjτjµ (∂τ∂ν − gτν)Cω¯γ5γρ∂σωεµνρσ+
− 8iCjνω¯γν∂µω∂µω¯γ5 6∂ω+
+ 2iCjρω¯γρ∂µω∂νω¯γ5γ
µ∂νω+
+ 8iCjµω¯ 6∂ω∂µω¯γ5 6∂ω+
− 2iCjµω¯ 6∂ω∂νω¯γ5γµ∂νω+
− 2Cjµω¯γ5γν∂ρω∂τ ω¯γ5γσ∂τωεµνρσ+
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+ 8Cjµω¯γ5γν∂ρω∂σω¯γ5 6∂ωεµνρσ+
+ 6iCjµω¯γ
µν∂νω∂ρω¯γ5∂
ρω+
+ 4iCjµω¯γ
µν∂νω∂ρω¯γ5γ
ρσ∂σω+
− 6iCjµω¯γ5γµν∂νω∂ρω¯∂ρω+
− 4iCjµω¯γ5γµν∂νω∂ρω¯γρσ∂σω+
+ ω¯ω
[
jµjν∂µω¯∂νω − j2∂µω¯∂µω + 2jµjν∂µω¯γνρ∂ρω − j2∂µω¯γµν∂νω
]
+
+ ω¯γ5ω
[−jµjν∂µω¯γ5∂νω + j2∂µω¯γ5∂µω − 2jµjν∂µω¯γ5γνρ∂ρω + j2∂µω¯γ5γµν∂νω]+
+ jµω¯γ5γµω [−iενρστ jν∂ρω¯γσ∂τω + 2jν∂ν ω¯γ5 6∂ω − 2jν∂ρω¯γ5γν∂ρω] +
+ ω¯γ5γµω [−iεµνρσjτjν∂ρω¯γτ∂σω − jνjρ∂ν ω¯γ5γµ∂ρω + 2jνjρ∂ν ω¯γ5γρ∂µω+
−2j2∂µω¯γ5 6∂ω + j2∂ν ω¯γ5γµ∂νω
]
, (B.4b)
L3 =+ 12C
2 (∂µ∂ν − gµν)C
[
jµjνjτ∂ρω¯γλ∂σωε
τρσλ+
−2i jµjνjρ∂ρω¯γ5 6∂ω + 2i jµjνjρ∂σω¯γ5γρ∂σω+
+jµjρjσ∂αω¯γρ∂βωε
σναβ + i jµjρjσ∂ρω¯γ5γ
ν∂σω+
−2i jµjρjσ∂ρω¯γ5γσ∂νω + 2i (j · j) jµ∂ν ω¯γ5 6∂ω+
−i (j · j) jµ∂ρω¯γ5γν∂ρω] +
− 6C2jνjµ∂µω¯∂νω∂ρω¯γρσ∂σω+
− 9C2jµjν∂ρω¯∂ρω∂µω¯∂νω+
+ 9C2 (j · j) ∂µω¯∂µω∂νω¯∂νω+
− 18C2jνjρ∂µω¯∂µω∂νω¯γρσ∂σω+
− 15C2 (j · j) ∂µω¯∂µω∂νω¯γρν∂ρω+
− 6C2jµjν∂µω¯γ5∂νω∂ρω¯γ5γσρ∂σω+
+ 9C2jµjν∂ρω¯γ5∂ρω∂νω¯γ5∂ρω+
− 9C2 (j · j) ∂µω¯γ5∂µω∂νω¯γ5∂νω+
+ 18C2jνjρ∂
µω¯γ5∂µω∂νω¯γ5γ
ρσ∂σω+
− 15C2 (j · j) ∂µω¯γ5∂µω∂νω¯γ5γνρ∂ρω+
+ 3iC2jµjν∂αω¯γµ∂ρω∂
σω¯γ5γλ∂σωε
ναρλ+
− 12iC2jµjα∂ν ω¯γµ∂ρω∂σω¯γ5γσ∂λωεανρλ+
− 12iC2jµjλ∂ν ω¯γρ∂σω∂λω¯γ5 6∂ωεµνσρ+
+ 3iCjµjν∂ρω¯γσ∂λω∂
αω¯γ5γµ∂αωε
νρλσ+
− 6C2jµjν∂µω¯γ5γρ∂ρω∂νω¯γ5 6∂ω+
− 6C2jµjν∂ρω¯γ5γµ∂νω∂σω¯γ5γσ∂ρω+
+ 3C2jνjρ∂µω¯γ5γν∂ρω∂
σω¯γ5γµ∂σω+
− 18C2jµjν∂µω¯γ5 6∂ω∂νω¯γ5 6∂ω+
+ 30C2jµjν∂µω¯γ5 6∂ω∂σω¯γ5γν∂σω+
− 6C2jµjν∂ρω¯γ5γµ∂ρω∂σω¯γ5γν∂σω+
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− 3C2jµjν∂ρω¯γ5γσ∂ρω∂νω¯γ5γσ∂µω+
+ 3C2jµjν∂ρω¯γ5γ
σ∂ρω∂νω¯γ5γµ∂σω+
− 18C2 (j · j) ∂µω¯γ5γν∂µω∂νω¯γ5 6∂ω+
+ 3C2 (j · j) ∂µω¯γ5γν∂µω∂ρω¯γ5γν∂ρω+
+ 12C2jµjν∂σω¯γ5 6∂ω∂µω¯γ5γσ∂νω+
− 6C2jµjν∂σω¯γ5 6∂ω∂νω¯γ5γµ∂σω+
+ 24 (j · j)C2∂µω¯γ5 6∂ω∂µω¯γ5 6∂ω+
− 12C2jµjν∂ρω¯γ5 6∂ω∂νω¯γ5γµ∂ρω+
− 12C2jµjν∂νω¯γµρ∂ρω∂σω¯γσλ∂λω+
+ 6C2 (j · j) ∂µω¯γµν∂νω∂ρω¯γρσ∂σω+
+ 12C2jµj
ν∂ν ω¯γ5γ
µρ∂ρω∂σω¯γ5γ
σλ∂λω+
− 6C2 (j · j) ∂µω¯γ5γµν∂νω∂ρω¯γ5γρσ∂σω+
− 4Cjµjνjρω¯γµ∂νω∂σω¯γβ∂αωερσαβ +
+ 8iCjµjνjρω¯γµ∂νω∂ρω¯γ5 6∂ω +
− 8iCjµjνjρω¯γµ∂νω∂σω¯γ5γρ∂σω +
− 4Cjµjνjαω¯γµ∂ρω∂σω¯γα∂βωενρσβ +
− 4iCjµjρjν ω¯γµ∂σω∂νω¯γ5γσ∂ρω +
+ 8iCjµjρjνω¯γµ∂
σω∂νω¯γ5γρ∂σω +
− 8iC (j · j) jµω¯γµ∂νω∂νω¯γ5 6∂ω +
+ 4iC (j · j) jµω¯γµ∂νω∂ρω¯γ5γν∂ρω +
+ 4C (j · j) jµω¯ 6∂ω∂νω¯γρ∂λωεµνλρ +
− 4iCjµjνjρω¯ 6∂ω∂ρω¯γ5γµ∂νω +
+ 4iC (j · j) jµω¯ 6∂ω∂ρω¯γ5γµ∂ρω +
+ 8iCjµjνjρω¯γ5γ
σ∂µω∂ρω¯γν∂σω +
− 8iCjµjνjρω¯γ5γµ∂σω∂ρω¯γν∂σω +
− 8iC (j · j) jµω¯γ5γν∂ρω∂ρω¯γµ∂νω +
− 4Cjµjνjρω¯γ5γσ∂λω∂νω¯γ5γα∂µωερλσα +
+ 8Cjµjνjρω¯γ5γσ∂λω∂νω¯γ5γµ∂αωε
ρλσα +
+ 4C (j · j) jµω¯γ5γν∂ρω∂σω¯γ5γα∂σωεµρνα +
− 8C (j · j) jµω¯γ5γν∂ρω∂αω¯γ5 6∂ωεµρνα +
− 4iCjµjνjρω¯γµσ∂σω∂ρω¯γ5∂νω +
+ 4iC (j · j) jµω¯γµν∂νω∂ρω¯γ5∂ρω +
− 8iCjµjνjρω¯γµσ∂σω∂ρω¯γ5γνα∂αω +
+ 4iC (j · j) jµω¯γµν∂νω∂ρω¯γ5γρσ∂σω +
+ 4iCjµj
νjρω¯γ5γ
µσ∂σω∂νω¯∂ρω +
− 4iC (j · j) jµω¯γ5γµν∂νω∂ρω¯∂ρω +
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+ 8iCjµjνj
ρω¯γ5γ
µσ∂σω∂ρω¯γ
να∂αω +
− 4iC (j · j) jµω¯γ5γµν∂νω∂ρω¯γρσ∂σω , (B.5)
L4 =+ 4C
2jµjνjρjσ∂µω¯∂νω ∂ρω¯∂σω+
+ 16C2jµjνjρj
σ∂µω¯∂νω∂σω¯γ
ρλ∂λω+
− 8C2 (j · j) jµjν∂µω¯∂νω∂ρω¯γρσ∂σω+
− 8C2 (j · j) jµjν∂ρω¯∂ρω∂µω¯∂νω+
+ 4C2 (j · j)2 ∂µω¯∂µω∂ν ω¯∂νω+
− 16C2 (j · j) jµjν∂ρω¯∂ρω∂νω¯γµσ∂σω+
+ 8C2 (j · j)2 ∂µω¯∂µω∂ρω¯γρσ∂σω+
− 4C2jµjνjρjσ∂µω¯γ5∂νω∂ρω¯γ5∂σω+
− 16C2jµjνjρjσ∂µω¯γ5∂νω∂σω¯γ5γρλ∂λω+
+ 8C2 (j · j) jµjν∂µω¯γ5∂νω∂ρω¯γ5γρσ∂σω+
+ 8C2 (j · j) jµjν∂ρω¯γ5∂ρω∂µω¯γ5∂νω+
− 4C2 (j · j)2 ∂µω¯γ5∂µω∂νω¯γ5∂νω+
+ 16C2 (j · j) jµjν∂ρω¯γ5∂ρω∂νω¯γ5γµσ∂σω+
− 8C2 (j · j)2 ∂µω¯γ5∂µω∂νω¯γ5γνρ∂ρω+
− 4C2 (j · j) jµjν∂µω¯γρ∂σω∂νω¯γρ∂σω+
− 4C2jµjνjρjσ∂µω¯γν∂λω∂ρω¯γσ∂λω+
+ 4C2 (j · j) jµjν∂µω¯γρ∂σω∂νω¯γσ∂ρω+
+ 12C2jµjνjρjσ∂λω¯γµ∂νω∂ρω¯γσ∂λω+
+ 12C2 (j · j) jµjν∂ρω¯γσ∂µω∂νω¯γσ∂ρω+
− 12C2 (j · j) jµjν∂ρω¯γσ∂µω∂νω¯γρ∂σω+
− 24C2 (j · j) jµjν∂σω¯γρ∂µω∂ρω¯γν∂σω+
+ 8C2 (j · j) jµjν∂ρω¯γµ∂σω∂ρω¯γσ∂νω+
− 8iC2jµjνjρjσ∂αω¯γµ∂βω∂ρω¯γ5γλ∂νωεσαβλ+
+ 16iC2jµjνjρjσ∂λω¯γµ∂αω∂ρω¯γ5γν∂βωε
σλαβ +
+ 8iC2 (j · j) jµjν∂ρω¯γµ∂σω∂λω¯γ5γα∂λωενρσα+
− 16iC2 (j · j) jµjν∂ρω¯γµ∂σω∂αω¯γ5 6∂ωενρσα+
+ 8C2 (j · j)2 ∂µω¯γν∂ρω∂µω¯γν∂ρω+
− 16C2 (j · j)2 ∂µω¯γν∂ρω∂µω¯γρ∂νω+
+ 8iC2jµjνjρjσ∂λω¯γα∂βω∂ρω¯γ5γµ∂νωε
σλβα+
− 8iC2 (j · j) jµjν∂ρω¯γσ∂λω∂αω¯γ5γµ∂αωενρλσ+
+ 4C2jµjνjρjσ∂νω¯γ5γ
λ∂µω∂σω¯γ5γλ∂ρω+
− 8C2jµjνjρjσ∂ν ω¯γ5γµ∂λω∂σω¯γ5γλ∂ρω+
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+ 4C2jµjνjρjσ∂νω¯γ5γµ∂
λω∂σω¯γ5γρ∂λω+
+ 8C2jµjνjρjσ∂µω¯γ5 6∂ω∂σω¯γ5γν∂ρω+
− 4C2 (j · j) jµjν∂µω¯γ5 6∂ω∂νω¯γ5 6∂ω+
− 8C2jµjνjρjσ∂λω¯γ5γµ∂νω∂σω¯γ5γλ∂ρω+
+ 12C2jµjνjρjσ∂λω¯γ5γµ∂νω∂σω¯γ5γρ∂λω+
− 8C2 (j · j) jµjν∂ρω¯γ5γµ∂νω∂ρω¯γ5 6∂ω+
+ 8C2 (j · j) jµjν∂ρω¯γ5γµ∂νω∂σω¯γ5γρ∂σω+
+ 8C2jµjνjρjσ∂µω¯γ5 6∂ω∂σω¯γ5γν∂ρω+
− 12C2 (j · j) jµjν∂µω¯γ5 6∂ω∂νω¯γ5 6∂ω+
+ 8C2 (j · j) jµjν∂µω¯γ5 6∂ω∂σω¯γ5γν∂σω+
− 16C2jµjνjρjσ∂λω¯γ5γµ∂λω∂σω¯γ5γν∂ρω+
+ 8C2 (j · j) jµjν∂ρω¯γ5γµ∂ρω∂νω¯γ5 6∂ω+
− 8C2 (j · j) jµjν∂µω¯γ5γρ∂νω∂σω¯γ5γρ∂σω+
+ 8C2 (j · j) jµjν∂ρω¯γ5γσ∂ρω∂νω¯γ5γµ∂σω+
− 16C2 (j · j)2 ∂µω¯γ5γν∂µω∂νω¯γ5 6∂ω+
+ 4C2 (j · j)2 ∂µω¯γ5γν∂µω∂ρω¯γ5γν∂ρω+
+ 16C2 (j · j) jµjν∂σω¯γ5 6∂ω∂νω¯γ5γσ∂µω+
− 24C2 (j · j) jµjν∂σω¯γ5 6∂ω∂νω¯γ5γµ∂σω+
+ 16C2 (j · j)2 ∂ν ω¯γ5 6∂ω∂νω¯γ5 6∂ω+
+ 16C2jµj
νjρj
σ∂ν ω¯γ
µλ∂λω∂σω¯γ
ρα∂αω+
− 16C2 (j · j) jµjν∂ν ω¯γµρ∂ρω∂σω¯γσλ∂λω+
+ 4C2 (j · j)2 ∂µω¯γµν∂νω∂ρω¯γρσ∂σω+
− 16C2jµjνjρjσ∂ν ω¯γ5γµλ∂λω∂σω¯γ5γρα∂αω+
+ 16C2 (j · j) jµjν∂ν ω¯γ5γµρ∂ρω∂σω¯γ5γσλ∂λω+
− 4C2 (j · j)2 ∂µω¯γ5γµν∂νω∂ρω¯γ5γρσ∂σω . (B.6)
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